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Equality of certain automorphism groups of finite p-groups
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Let G be a finite p-group and let Aut(G) denote the full automorphism group of
G. In the recent past, there has been interest in finding necessary and sufficient
conditions on G such that certain subgroups of Aut(G) are equal. We prove a
technical lemma and, as a consequence, obtain some new results and short and
alternate proofs of some known results of this type.
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1 Introduction Let G be a finite non-abelian p-group and let M1,M2, N1, N2
be normal subgroups of G. For normal subgroups X and Y of G, let AutX(G)
and AutY (G) denote the subgroups of Aut(G) centralizing G/X and Y respectively.
We denote the intersection AutX(G) ∩ AutY (G) by Aut
X
Y (G). In the recent past,
many results have been proved which give necessary and sufficient conditions on G
such that AutXY (G) = Inn(G), Z(Inn(G)); or Aut
M1
N1
(G) = AutM2N2 (G) with particular
choices of Mi and Ni (see e.g. [3-5, 7-13]). Quite recently, Azhdari and Malayeri
[3, Theorem B, Corollary C] have found conditions on certain Mi and Ni so that
AutM1N1 (G) = Aut
M2
N2
(G). We prove a short technical lemma, Lemma 2.2, and as a
consequence, obtain very short and easy proofs of these main results of Azhdari and
Malayeri. Subsequently, we also obtain some new results of this type and alternate
proofs of main results of Attar [11, Theorem A], Jafari [7, Theorem] and Rai [8,
Theorem B(1)].
Notations are mostly standard. By Hom(G,A) we denote the group of all ho-
momorphisms of G into an abelian group A and by Cn we denote the cyclic group
of order n. The rank, exponent and nilpotence class of G are respectively denoted
as d(G), exp(G) and cl(G). A non-abelian group G that has no non-trivial abelian
direct factor is said to be purely non-abelian. An automorphism α of G is called a
central automorphism if it centralizes G/Z(G), or equivalently, x−1α(x) ∈ Z(G) for
all x ∈ G. By Autc(G) we denote the group of all central automorphisms of G, and
by C∗ we denote the group of all those central automorphisms of G which fix Z(G)
element-wise. An automorphism α of G is called an IA-automorphism if it centralizes
the abelianized group G/G′. The group of all IA-automorphisms is denoted as IA(G)
and the group of all those IA-automorphisms which fix Z(G) element-wise is denoted
as IA(G)∗.
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2 Automorphism groups of G While proving the equality of different automor-
phism groups of G, the foremost tool has been to express the group AutXY (G) in the
form Hom(A,B) for suitable subgroups or quotient groups A and B of G. The trick is
very well-known since old days. Our next lemma is a little modification of arguments
of Alperin [2, Lemma 3] and Fournelle [6, Section 2].
Lemma 2.1. Let G be any group and X be a central subgroup of G contained in a
normal subgroup Y of G. Then AutXY (G) ≃ Hom(G/Y,X).
Let X and Y be two finite abelian p-groups and let X ≃ Cpx1 ×Cpx2 × . . .×Cpxh
and Y ≃ Cpy1 × Cpy2 × . . . × Cpyk be the cyclic decompositions of X and Y , where
xi ≥ xi+1 and yi ≥ yi+1 are positive integers. If either X is a subgroup or is a
quotient group of Y , then h ≤ k and xi ≤ yi for 1 ≤ i ≤ h. Consider the situation
when d(X) = d(Y ) and X is a proper subgroup or a proper quotient group of Y .
In these circumstances, h = k and there certainly exists an r, 1 ≤ r ≤ h, such that
xr < yr and xj = yj for r + 1 ≤ j ≤ h. For this unique fixed r, let var(X,Y ) = p
xr .
In other words, var(X,Y ) denotes the order of the last cyclic factor of X whose order
is less than that of corresponding cyclic factor of Y .
Lemma 2.2. Let A,B,C and D be finite abelian p-groups with B a subgroup of C
and D a quotient group of A. Then
(i) Hom(A,B) = Hom(A,C) if and only if either B = C or d(B) = d(C) and
exp(A) ≤ var(B,C),
(ii) |Hom(D,B)| = |Hom(A,B)| if and only if either D = A or d(D) = d(A) and
exp(B) ≤ var(D,A).
Proof. We prove only (i) as the proof is similar for (ii). Let
A ≃ Cpα1 × Cpα2 × . . .× Cpαl ,
B ≃ Cpβ1 × Cpβ2 × . . .× Cpβm , and
C ≃ Cpγ1 × Cpγ2 × . . .× Cpγn
be the cyclic decompositions of A, B and C, where αi ≥ αi+1, βi ≥ βi+1, and
γi ≥ γi+1 are positive integers. First suppose that Hom(A,B) = Hom(A,C) and
B < C. Then
l∏
i=1
m∏
j=1
pmin{αi,βj} =
l∏
i=1
n∏
k=1
pmin{αi,γk}.
Since m ≤ n and βj ≤ γj for each 1 ≤ j ≤ m, min{αi, βj} ≤ min{αi, γj}. If m < n,
then |Hom(A,B)| < |Hom(A,C)|, which is not so. Thus m = n and min{αi, βj} =
min{αi, γj} for all i and j. Let var(B,C) = p
βr , 1 ≤ r ≤ m. Observe that exp(A) ≤
var(B,C), because if pα1 > pβr , then βr = min{α1, βr} = min{α1, γr} > βr, a
contradiction.
Conversely, if B = C, then result holds trivially. We therefore suppose that
B < C, d(B) = d(C) = m and exp(A) ≤ var(B,C). Then αi ≤ α1 ≤ βr < γr for
1 ≤ i ≤ l, and βj = γj for r + 1 ≤ j ≤ m. It follows that
|Hom(A,B)| =
l∏
i=1
m∏
j=1
pmin{αi,βj} = pr(α1+···+αl)
l∏
i=1
m∏
j=r+1
pmin{αi,βj}
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and
|Hom(A,C)| =
l∏
i=1
m∏
j=1
pmin{αi,γj} = pr(α1+···+αl)
l∏
i=1
m∏
j=r+1
pmin{αi,βj}.
Thus |Hom(A,B)| = |Hom(A,C)| and hence Hom(A,B) = Hom(A,C), because
Hom(A,B) is a subgroup of Hom(A,C).
Corollary 2.3 (cf. [3, Theorem B]). Let G be a finite non-abelian p-group. Let M1,
M2, N1 and N2 be normal subgroups of G such that Mi ≤ Z(G) ∩ Ni for i = 1, 2,
M1 ≤ M2 and N2 ≤ N1. Then Aut
M1
N1
(G) = AutM2N2 (G) if and only if one of the
following conditions holds:
(i) M1 = M2 and either G/G
′N1 = G/G
′N2 or d(G/G
′N1) = d(G/G
′N2) and
exp(M1) ≤ var(G/G
′N1, G/G
′N2).
(ii) G/G′N1 = G/G
′N2 and eitherM1 =M2 or d(M1) = d(M2) and exp(G/G
′N1) ≤
var(M1,M2).
Proof. It follows from Lemma 2.1 that for i = 1 and 2,
AutMiNi (G) ≃ Hom(G/Ni,Mi) ≃ Hom(G/G
′Ni,Mi).
First suppose that AutM1N1 (G) = Aut
M2
N2
(G). Then
|Hom(G/G′N1,M1)| = |Hom(G/G
′N2,M2)|, (1)
and therefore either M1 =M2 or G/G
′N1 = G/G
′N2 by [5, Lemma D]. Assume that
M1 =M2 andG/G
′N1 is a proper quotient group ofG/G
′N2. Then proof of (i) follows
from Lemma 2.2(ii) by taking D = G/G′N1, A = G/G
′N2 and B =M1 =M2. Next
assume that G/G′N1 = G/G
′N2 and M1 < M2. Then it follows from (1) that
Hom(G/G′N1,M1) = Hom(G/G
′N2,M2).
The proof of (ii) now follows from Lemma 2.2(i) by taking A = G/G′N1 = G/G
′N2,
B =M1 and C =M2.
Conversely, first assume that condition (ii) holds. Then, taking A = G/G′N1 =
G/G′N2, B = M1 and C = M2 in Lemma 2.2(i), we get Hom(G/G
′N1,M1) =
Hom(G/G′N2,M2). It follows that |Aut
M1
N1
(G)| = |AutM2N2 (G)| and hence Aut
M1
N1
(G) =
AutM2N2 (G) because Aut
M1
N1
(G) ≤ AutM2N2 (G). Now assume that condition (i) holds.
Then, takingD = G/G′N1, A = G/G
′N2 and B =M1 =M2 in Lemma 2.2(ii), we get
|Hom(G/G′N1,M1)| = |Hom(G/G
′N2,M2)| and hence Aut
M1
N1
(G) = AutM2N2 (G).
Taking M1 = M,N1 = N and M2 = N2 = Z(G) in the above corollary, we get
the following.
Corollary 2.4 (cf. [3, Corollary C(i)]). Let G be a finite non-abelian p-group. Let M
and N be normal subgroups of G such that M ≤ Z(G) ≤ N . Then AutMN (G) = C
∗ if
and only if one of the following conditions hold:
(i) M = Z(G) and either G/G′N = G/G′Z(G) or d(G/G′N) = d(G/G′Z(G)) and
exp(M) ≤ var(G/G′N,G/G′Z(G)).
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(ii) G/G′N = G/G′Z(G) and eitherM = Z(G) or d(M) = d(Z(G)) and exp(G/G′N) ≤
var(M,Z(G)).
Corollary 2.5 (cf. [3, Corollary C(ii)]). Let G be a finite non-abelian p-group. Let
M and N be normal subgroups of G such that M ≤ Z(G) ≤ N . Then AutMN (G) =
Autc(G) if and only if one of the following conditions hold:
(i) M = Z(G) and either N ≤ G′ or d(G/G′N) = d(G/G′) and exp(M) ≤
var(G/G′N,G/G′).
(ii) N ≤ G′ and eitherM = Z(G) or d(M) = d(Z(G)) and exp(G/G′) ≤ var(M,Z(G)).
Proof. Observe that AutMN (G) ≃ Hom(G/G
′N,M). First suppose that AutMN (G) =
Autc(G). Then Autc(G) = C
∗ becauseM ≤ Z(G) ≤ N . ThusG is purely non-abelian
by [13, Lemma 2.4] and hence |Autc(G)| = |Hom(G/G
′, Z(G))| by [1, Theorem 1].
It follows that
|Hom(G/G′N,M)| = |Hom(G/G′, Z(G))|,
and therefore either N ≤ G′ or M = Z(G) by [5, Lemma D]. The proof now follows
as in Corollary 2.3.
Conversely, if condition (ii) holds, then Z(G) ≤ G′; and if condition (i) holds,
then d(G/G′N) = d(G/G′) implies that G′N and hence Z(G) does not contain any
generating element of G. In either of the cases, G is purely non-abelian and hence
|Autc(G)| = |Hom(G/G
′, Z(G))| by [1, Theorem 1]. The proof now follows as in
Corollary 2.3.
Some particular cases of this corollary give the following results of Rai [8], Attar[11]
and Jafari [7].
Corollary 2.6 ([8, Theorem B(1)]). Let G be a finite non-abelian p-group. Then
IA(G)∗ = Autc(G) if and only if G
′ = Z(G).
Proof. It is easy to see that if G′ = Z(G), then IA(G)∗ = Autc(G). Conversely, if
IA(G)∗ = Autc(G), then cl(G) = 2 and thus IA(G)
∗ = AutG
′
Z(G)(G) = Autc(G). The
result now follows by taking M = G′ and N = Z(G) in Corollary 2.5.
Corollary 2.7 (cf. [11, Theorem A] and [7, Theorem]). Let G be a finite non-abelian
p-group. Then Autc(G) = C
∗ if and only if either Z(G) ≤ G′ or d(G/G′Z(G)) =
d(G/G′) and exp(Z(G)) ≤ var(G/G′Z(G), G/G′).
Proof. The proof follows by taking M = N = Z(G) in Corollary 2.5.
We next obtain some new results which are immediate consequences of Lemma
2.2.
Corollary 2.8. Let G be a finite p-group of nilpotence class 2. Then IA(G) =
IA(G)∗ if and only if either G′ = Z(G) or d(G/Z(G)) = d(G/G′) and exp(G′) ≤
var(G/Z(G), G/G′).
Proof. It follows from Lemma 2.1 that IA(G) ≃ Hom(G/G′, G′) and IA(G)∗ ≃
Hom(G/Z(G), G′). The result now follows from Lemma 2.2(ii) by takingD = G/Z(G),
A = G/G′ and B = G′.
Corollary 2.9. Let G be a finite non-abelian p-group. Then IA(G)∗ = C∗ if and
only if either G′ = Z(G) or G′ < Z(G), d(G′) = d(Z(G)) and exp(G/Z(G)) ≤
var(G′, Z(G)).
4
Proof. Observe that if IA(G)∗ = C∗, then nilpotence class of G is 2 and hence
IA(G)∗ ≃ Hom(G/Z(G), G′) and C∗ ≃ Hom(G/Z(G), Z(G)) by Lemma 2.1. The
result now follows from Lemma 2.2(i) by taking A = G/Z(G), B = G′ and C =
Z(G).
Corollary 2.10. Let G be a finite non-abelian p-group. Then IA(G) = C∗ if and
only if either G′ = Z(G) or G′ < Z(G), d(G′) = d(Z(G)), d(G/Z(G)) = d(G/G′)
and exp(G′) = var(G/Z(G), G/G′) = exp(G/Z(G)) = var(G′, Z(G)).
Proof. That the conditions are sufficient follows from Corollaries 2.8 and 2.9. Con-
versely suppose that IA(G) = C∗. Then nilpotence class of G is 2 and IA(G) =
IA(G)∗ = C∗. It follows from Corollaries 2.8 and 2.9 that either G′ = Z(G) or G′ <
Z(G), d(G′) = d(Z(G)), d(G/Z(G)) = d(G/G′) and exp(G′) ≤ var(G/Z(G), G/G′) ≤
exp(G/Z(G)) ≤ var(G′, Z(G)) ≤ exp(G′). Thus exp(G′) = var(G/Z(G), G/G′) =
exp(G/Z(G)) = var(G′, Z(G)) and hence the result.
As another application of Lemma 2.2, we next find necessary and sufficient con-
ditions on a finite non-abelian p-group G such that IA(G) = Autc(G). We start with
the following lemma.
Lemma 2.11. Let G be a finite nilpotent group of class 2 such that d(G′) = d(Z(G)).
Then G is purely non-abelian.
Proof. On the contrary, suppose that G = H ×K, where H is a non-trivial abelian
and K is a purely non-abelian subgroup of G. Then Z(G) = H × Z(K) and G′ =
K ′ ≤ Z(K). It follows that d(G′) ≤ d(Z(K)) < d(Z(G)), because H is non-trivial.
This is a contradiction and hence G is purely non-abelian.
Theorem 2.12. Let G be a finite non-abelian p-group. Then IA(G) = Autc(G) if
and only if either G′ = Z(G) or G′ < Z(G), d(G′) = d(Z(G)) and exp(G/G′) ≤
var(G′, Z(G)).
Proof. First suppose that IA(G) = Autc(G). Then nilpotence class of G is 2 and
IA(G) ≃ Hom(G/G′, G′). We prove that G is purely non-abelian. Assume that
G = A×B, where A is abelian and B is purely non-abelian. For 1 6= f ∈ Hom(B,A),
define f∗ : G → G by f∗(ab) = abf(b), a ∈ A, b ∈ B. It is easy to see that
f∗ is a central but not an IA-automorphism of G. This is against the assump-
tion and thus G is purely non-abelian. It now follows from [1, Theorem 1] that
|Autc(G)| = |Hom(G/G
′, Z(G))|. Thus |Hom(G/G′, G′)| = |Hom(G/G′, Z(G))| and
hence Hom(G/G′, G′) = Hom(G/G′, Z(G)), because Hom(G/G′, G′) is a subgroup of
Hom(G/G′, Z(G)). The result now follows from Lemma 2.2 (i) on replacing A by
G/G′, B by G′ and C by Z(G).
Conversely, if G′ = Z(G), then trivially IA(G) = Autc(G). Therefore suppose
that G′ < Z(G), d(G′) = d(Z(G)) and exp(G/G′) ≤ var(G′, Z(G)). By Lemma
2.11, G is purely non-abelian. It now follows by [1, Theorem 1], Lemma 2.1 and
Lemma 2.2(i) that | IA(G)| = |Hom(G/G′, G′)| = |Hom(G/G′, Z(G))| = |Autc(G)|
and hence IA(G) = Autc(G), because IA(G) ≤ Autc(G).
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